We analytically compute the gravitational self-force correction to the gyroscope precession along slightly eccentric equatorial orbits in the Kerr spacetime, generalizing previous results for the Schwarzschild spacetime. Our results are accurate through the 9.5 post-Newtonian order and to second order in both eccentricity and rotation parameter. We also provide a post-Newtonian check of our results based on the currently known Hamiltonian for spinning binaries.
I. INTRODUCTION
The last few years have witnessed the beginning of the era of gravitational-wave astronomy, after the discovery of the first signals by LIGO [1] [2] [3] [4] [5] [6] associated with either binary black hole or neutron star mergers. The number of such events is expected to rapidly increase in the near future thanks to the improved sensitivity of Advanced LIGO [7] and to the contribution of the space-based interferometer eLISA [8] , which is designed to detect a wide range of low-frequency gravitational wave sources, including extreme mass ratio inspirals (EMRIs). The latter are binary systems in which one body is much more massive than the other, so that the dynamics is well described in the framework of gravitational self-force (GSF) theory by using standard first-order perturbation methods (see, e.g., Ref. [9] for a recent review). Conservative effects are encoded in gauge-invariant quantities, which are insensitive of the particular method used to perform the calculation and of the chosen technique to regularize and fully reconstruct the metric perturbation. These invariant thus provide useful information which can be used to compare results from other approaches, like Post-Newtonian (PN) theory and numerical relativity (NR) simulations, as well as to calibrate and enhance the Effective-One-Body (EOB) model [10] [11] [12] .
Spin couplings are expected to significantly affect the two-body dynamics, thereby playing an important role in the gravitational wave detection and parameter estimation (see, e.g., Ref. [13] and references therein). Spinorbital, i.e., linear-in-spin, and spin-spin, i.e., quadraticin-spin, effects have been accounted at the lowest PN levels by standard Hamiltonian methods [14] [15] [16] and effective field theory (EFT) techniques [17, 18] . The first high-PN calculations within the GSF approach of the spin-orbit precession of a spinning compact body on a circular orbit around a Schwarzschild black hole have been done in Refs. [19] [20] [21] . These results have been extended to eccentric orbits in Refs. [22, 23] by using the methodology introduced in Ref. [24] , soon after generalized to the Kerr case in Ref. [25] .
We compute here the GSF correction to the spinprecession invariant for slightly eccentric equatorial orbits in the Kerr spacetime through the 9.5 PN order and to second order both in the eccentricity and spin parameter. The spin-dependent part mixing eccentricity and spin effects is completely new. We also improve to the 9.5 PN level the current knowledge of the spin-precession invariant for eccentric orbits in the non-rotating case (9 PN, Ref. [23] ) and for circular orbits in the same Kerr case (8 PN, Ref. [26] ) up the second order in the spin parameter. Furthermore, the circular orbit limit of the present result gives the self-force correction to the periastron advance around a Kerr black hole, which has been presented elsewhere [27] . Finally, as an independent check, we calculate the same invariant by using the current knowledge of the Arnowitt-Deser-Misner (ADM) Hamiltonian for two point masses with aligned spins [28] .
We will denote by m 1 and m 2 and by S 1 and S 2 the masses and spins of the two bodies, respectively, with the convention that m 1 ≤ m 2 . We also define the total mass of the system M = m 1 + m 2 , the mass ratios
and the dimensionless mass difference
as well as the dimensionless spin variables χ 1,2 ≡ S 1,2 /m 2 1,2 associated with each body, as usual. GSF results are obtained in the limit of small mass-ratio (m 1 ≪ m 2 , implying q ∼ ν ≪ 1) and small spin (|S 1 |/(cGm 2 1 ) ≪ 1) of the perturbing body. The metric signature is chosen to be +2 and units are such that c = G = 1 unless differently specified. Greek indices run from 0 to 3, whereas Latin ones from 1 to 3.
II. GYROSCOPE PRECESSION IN THE
BACKGROUND KERR SPACETIME
The background Kerr metric with parameters m 2 and a 2 = a (withâ = a/m 2 dimensionless) written in Boyer-Lindquist coordinates (t, r, θ, φ) reads
where
A test gyroscope moving along an eccentric geodesic orbit on the equatorial plane (θ = π/2) has four velocitȳ
whereP =Ēr 2 − ax, with x =L − aĒ, andṙ ≡ū r is such thatṙ
HereĒ = −ū t andL =ū φ denote the conserved energy and angular momentum per unit mass of the particle, respectively, so thatĒ andL/m 2 are dimensionless together with their combinationx = x/m 2 . The orbit can be parametrized either by the proper timeτ or by the relativistic anomaly χ ∈ [0, 2π], such that
which are related by
(8) The (dimensionless) background orbital parameters, semi-latus rectum p (with reciprocal u p = 1/p) and eccentricity e, are defined by writing the minimum (pericenter, r peri ) and maximum (apocenter, r apo ) values of the radial coordinate along the orbit as
The two conditions
can be imposed on Eq. (6) to solve them forĒ =Ē(p, e) andL =L(p, e). Their explicit expressions in terms of (u p , e,â) for prograde orbits are given bȳ
respectively, to the second order in eccentricity. The motion is then governed by the following equations [29, 30] 
Integrating over a full radial orbit from periastron to periastron gives the coordinate time radial periodT r = dt = dχ(dt/dχ) and the accumulated azimuthal angleΦ = dφ = dχ(dφ/dχ), with associated frequencies Ω r = 2π/T r andΩ φ =Φ/T r .
A. Marck's "intermediate" frame and gyroscope precession
Using the Killing-Yano tensor Marck defined a parallely propagated frame along a general geodesic in the Kerr spacetime [31] . Marck's geometric construction uses, as an "intermediate" frame, a convenient (degenerate) Frenet-Serret frame adapted toū, which in the case of equatorial timelike geodesics reads
whose transport properties are
withω
whereas ∇ūē 2 = 0, sinceē 2 is aligned with the θ-direction. The total spin precession angle accumulated over a radial period is then
T r = dτ denoting the proper-time period. In order to remove the rotation of the Boyer-Lindquist spherical-like coordinate frame in the azimuthal direction, corresponding to comparing the spin direction with a "fixed" asymptotic Cartesian-like frame, one must subtractΦ fromΨ.
The net precession angle of the test gyroscope dragged alongū is then conveniently measured by the quantitȳ
which reads
to the second order in the eccentricity parameter.
III. SPIN PRECESSION IN THE PERTURBED SPACETIME
In this section we recall the basic theory underlying the derivation of the spin precession invariant in the perturbed spacetime and its first-order SF correction, following Refs. [24, 25] . The gyroscope carrying a small mass m 1 and a small spin S 1 (so that q = 
whereḡ αβ is the background spacetime (3) and h R αβ = O(q) is the first-order SF metric perturbation. Henceforth, we shall omit the superscript R. The spin precession invariant
is assumed to be a function of the the radial and (averaged) azimuthal angular frequencies Ω r = 2π/T r and Ω φ = Φ/T r , for any value of the mass ratio. Furthermore, the geodesics in both background and perturbed spacetimes are assumed to have the same orbital parameters (p, e), so that any comparison between perturbed and unperturbed quantities is done at the same coordinate radius r (or the same anomaly χ), though not the same t and φ coordinates. Any such difference is not gauge-invariant, in general. Gauge invariance is ensured by further assuming that the background and perturbed orbits both have the same orbital frequencies (or equivalently the same radial and azimuthal periods). The firstorder SF correction to the spin precession invariant is then defined as
the operator δ denoting the O(q) difference between a quantity on the perturbed geodesic and the same quantity on the background one with the same (p, e, χ), but which does not keep fixed the values of the two frequencies. After the computation of the function ∆ψ(Ω r , Ω φ ), one can reexpress it as a function of the inverse semilatus rectum u p , and eccentricity e, of the unperturbed orbit.
A. Bound timelike geodesics
Bound timelike geodesics in the equatorial plane of the perturbed spacetime (19) have 4-velocity
with δu α = O(h), and u θ = 0 =ū θ , so that δu θ = 0. Let us introduce the first order quantities δE and δL such that the four velocity components u α can be written exactly in the same form as those of the background (5) with the replacementĒ →Ē + δE andL →L + δL, implying that
which can be in turn inverted to yield δE = −ḡ tα δu α and δL =ḡ φα δu α . The correction δu r to the radial component of the four velocity directly follows from the normalization condition of u (u · u = −1) with respect to the perturbed metric, which reads
where h 00 = h αβū αūβ . Equivalently, one can normalize u with respect to the background metric as in Barack and Sago [32] (a hat denoting the corresponding quantities), implying
leading to the relationŝ
The geodesic equations
with
determine the evolution of δu t and δu φ , or equivalently of the perturbations in energyδE and angular momentum δL by
where the functions F t and F φ are the covariant t and φ components of the self force
the anticyclic permutation notation A {abc}− = A abc − A bca + A cab having been introduced. Here we are interested in conservative effects only, i.e., we assume that
cons results in a periodic function of χ. Eqs. (31) can then be formally integrated aŝ
where the conservative SF components are defined by (0) are computed by imposing the vanishing ofδu r both at the periastron (χ = 0) and the apoastron (χ = π), i.e.,
form Eq. (28), leading tô
B. GSF corrections to the spin precession invariant
The spin precession has been calculated in Ref. [25] with respect to a suitably defined perturbed Marck-type frame {u, e a } adapted to u, with e (21) is expressed in terms of the corresponding correction ∆Ψ to the amount of precession angle accumulated by the spin vector over one radial period defined by Eq. (22), where
whereas the SF corrections to the frequencies are given by
The quantity δω is defined in Eq. (3.20) of Ref. [25] . It can be conveniently rewritten aŝ
are the Ricci rotation coefficients of the background frameR βα,σ =ē σ ·ḡ ∇ē αēβ .
Finally, the quantity δΓ [31] 0 is explicitly given in Appendix B of Ref. [25] in terms of the components of the metric perturbation and their first derivatives.
IV. SELF-FORCE CALCULATION
The procedure for obtaining the first order metric perturbations of a Kerr spacetime by using the Teukolsky formalism in a radiation gauge is well established in the literature (see, e.g., Refs. [33, 34] ). This method has been already applied to the computation of the corrections to the gyroscope precession along eccentric orbits in a Schwarzschild spacetime in Refs. [22, 23] and for circular orbits in the same Kerr case in Ref. [26] . Therefore, we refer to these works for a detailed account of all the intermediate steps, including the subtleties concerning the regularization technique (see Section IIIE of Ref. [22] and Section IIIB of Ref. [26] ) as well as the completion of the metric perturbation (see Section IIIC of Ref. [26] ). We provide below only the relevant information about the nonradiative multipoles and the regularization parameter used in our analysis.
The contribution of the lowest modes l = 0, 1 in the spacetime region inside (left, −) and outside (right, +) the particle's location turns out to be
and
respectively.
To regularize the quantity ∆ψ, it is enough to subtract the large-l limit of its PN expansion, i.e.,
where the left and right contributions are such that ∆ψ l,+ = ∆ψ −l−1,− and
and 
The spin-independent part has been computed in Refs. [22, 23] 
and ∆ψ (e 0 ,a 
Finally, the spin-dependent part mixing eccentricity and spin effects is given by 
The structure of the first PN terms shows an interesting resummation property, which has been discussed in Ref. [27] (see Eq. (6) there).
B. Circular orbit limit
Let us consider now the zero-eccentricity limit of the above expressions. In the non-spinning case Akcay et al. [24] showed that the difference between the limit for vanishing eccentricity of ∆ψ, i.e., lim e→0 ∆ψ, and the corresponding quantity ∆ψ circ calculated for circular orbits is proportional to the SF correction to the fractional periastron advance, which is fully known up to the 9.5PN order in terms of the EOB function ρ [35, 36] . The same functional relation has been argued to hold in the Kerr case [25] , even if the gauge-invariant SF correction to the periastron advance for circular equatorial orbits in a Kerr spacetime is not explicitly known, i.e.,
which turns out to be ay 3/2 ) 2/3 . Furthermore, the GSF correction to the periastron advance for circular equatorial orbits in a Kerr spacetime in terms of the variable y turns out to be
which has been already presented in Ref. [27] . We will discuss below the corresponding PN expectation for completeness.
V. PN RESULTS
In this section we will check the first PN terms of our results by using the center-of-mass Hamiltonian description of a two-body system with spin. Let us start by defining the spin precession frequency of the body 1 when spin couplings higher than the spin-orbit one are taken into account. The Hamiltonian can then be formally written as
where quadrupolar and octupolar interaction terms have been included. Here (q, p) are phase-space variables and (S 1 , S 2 ) the spins of the two bodies. Omitting the explicit dependence on the variables to ease notation, the spin precession frequency follows from the spin evolution equations (see Eqs. (3.1)-(3.4) of Ref. [14] )
We find
which can be cast in the form
with Ω S1j = Ω 1j + 2Q
If both spins are aligned with the orbital angular momentum L = Le z , i.e., S 1 = S 1 e z and S 2 = S 2 e z , and in addition have constant magnitudes, then Ω S1j can only be directed along the z-axis too, i.e., Ω S1j = Ω S1 δ z j , implying
We will compute the so-defined spin precession frequency by using the center-of-mass ADM Hamiltonian, H = H ADM , with 
including linear, quadratic and cubic spin terms up to the present knowledge, namely next-to-next-to-leading-order (NNLO) for the linear-in-spin terms, next-to-leadingorder (NLO) for the quadratic in spin terms and leadingorder (LO) for the cubic in spin terms (see Ref. [28] for a recent review). We will limit ourselves to the case of two point masses with aligned spins, orthogonal to the orbital motion. We refer to Ref. [37] for the explicit expressions of the ADM Hamiltonian terms up to spin square. Here we include also the LO cubic-in-spin term 
where the symbol 1 ↔ 2 stands for all the spin-dependent terms with the particle labels 1 and 2 exchanged (S 1 ↔ S 2 and ∆ ↔ −∆).
A. Computing the gyroscope precession invariant
With the ADM Hamiltonian written above and physical dimensions restored, we will compute the (averaged) spin frequency of the body 1
where all phase-space variables (except to S 1 ) are kept as constant. The analogous quantity to the spin-precession invariant (20) is then defined by
The periods of the radial and azimuthal motion as well as the associated frequencies follow from the definition 
where we have introduced the new radial variable parametrization for eccentric (equatorial) orbits r = 1 u(1 + e cos(χ)) ,
with u denoting the reciprocal of the semi-latus rectum and e the eccentricity, which are now ADM variables. Both such quantities are coordinate-dependent and then gauge-dependent. The latter should then be re-expressed in terms of a (convenient) pair of gauge invariant variables. A convenient choice iŝ which agrees with Eq. (4.8) of Ref. [26] for χ 1 = 0. Finally, the 1SF expansion of the fractional periastron advance is 
which agrees with previous results [27] for χ 1 = 0 and χ 2 =â.
VI. CONCLUDING REMARKS
We have analytically computed the gravitational selfforce correction to the gyroscope precession along slightly eccentric equatorial orbits in the Kerr spacetime, generalizing known expressions in the Schwarzschild case. Our results are accurate through the 9.5PN order and to second order in both eccentricity and rotation parameter. We have also improved to the 9.5PN level the current knowledge of the spin-precession invariant for eccentric orbits in the non-rotating case and for circular orbits in the same Kerr case. As an independent check, we have calculated the same invariant by using the current knowledge of the ADM Hamiltonian for two point masses with aligned spins. The full transcription of such a high-PN analytical result within other approaches, like the EOB model, will be considered elsewhere.
